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l. Introduction. This is a continuation of a previous note 1) con-
cerning compactification of completely regular spaces. In this note we 
present a second and a third methods of constructing all the compacti-
:fications of a completely regular space. The second method uses the 
conjugate space of a certain Banach space of continuous functions, and 
the third method uses a space of maximal ideals of a certain ring of 
continuous functions. 
2. The Banach-space compactification. Let X be a completely regular 
space, and let B0 denote the family of all bounded real-valued continuous 
functions on X. For f E B0, if we define the norm of f by 
IIIII = sup lf(x)l, 
o:EX 
then B0 is a Banach space. Let B be a closed linear subspace of Bo, so 
that B is also a Banach space. Let B* denote the conjugate space of 
B- i.e. B* is the space of all continuous linear functionals on B-
topologized with the weak-star topology 2). Let 
S*={x* E B*lllx*ll <;l}, 
where llx*ll = sup lx*(f)l. Then S* is a compact subset of B* 3 ). Define 
II t 11..;; 1 
a transformation e : X --?- B* by 
if e(x)=x* EB*, then x*(f)=f(x) for all fEB. 
LEMMA l. e is continuous. 
Proof: Let x EX· x* = e(x) has a fundamental system of neighbor-
hoods of sets of the form 
N=N(x*; fvf2, ••• ,f .. ; e)={y* EB*IIy*(fi)-x*(fi)l<e, l<;i<;n}, 
where n= l, 2, 3, ... , e> 0, and each fiE B. 
Then u = n {y E Xllfi(Y)- fi(x)l <e} is a neighborhood of x, and 
i=l 
e( U) C N. Therefore e is continuous. 
1) Note I has appeared in these Proceedings, vol. 60, 195, pp. 171. 
2) cf. N. BoURBAKI, "Sur les expaces de Banach"; Gomptes Rendus, 206, 1701-
1704 (1938). 
B) L. AL.AoGLU, "Weak topologies of normed linear spaces"; Annals of Math. 
41, 252-257 (1940). 
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LEMMA 2. For every x EX, e(x) E S*. 
Proof: If e(x)=x*, then llx*ll= sup jx*{f)j= sup lf(x)j.;;;;l. 
lit II,.; 1 lit II~ 1 
We shall denote by X*(B) the closure of e(X) in B*. 
A subset F of B 0 is said to be a Banach-separating set in B 0 if, for every 
x E X and every neighborhood U of x in X, there exists an element f E F 
such that inf /f(y)-f(x)li=O. 
v<f,u 
THEOREM 1. Let F be a Banach-separating set in B 0 and B(F) the 
closed linear subspace of B 0 generated by F. Then X*(F)=X*(B(F)) is a 
compactification of X. Moreover every f E B(F) has a continuous extension 
over X*(F). 
X*(F) is called the Banach F-compactification of X. 
Proof: For f E B(F), define the real-valued continuous function f' 
on B(F)* by f'(x)=x*(f)._ Let f* be the restriction off' to X*(F). For 
x EX, if e(x) =x*, then f*(x*) = f'(x*) =x*(f) = f(x). Thus f* is a continuous 
extension of f over X*(F). 
To prove that X*(F) is a compactification of X, from lemmas 1 and 2 
we have only to prove that e is one-to-one and that e-1 is continuous. 
If x and y are distinct points of X, there is an f E F such that 
lf(x)- f(y) I i= 0. Hence e(x) i= e(y). If x EX and U is a neighborhood of x, 
then thereisanfeFsuch that d= inf lf(y)- f(x)/ i=O. HenceN =N(e(x) ;f;d) 
v¢U 
is a neighborhood of e(x) and e-1(N) CU. Therefore e-1 is continuous. 
3. The completeness of the system of Banach-space compactifications. 
Let U be a precompact uniform structure on a completely regular space X 
compatible with the topology of X. Let B=B(U) be the subfamily of B0 
of all those functions· in B0 which are uniformly continuous with respect 
to U. Then the following four lemmas hold. 
LEMMA 3. B is a Banach-separating set in B0 and a closed linear 
subspace of B 0• 
LEMMA4. Let f}eB, xteB, s,>O (1.;;;;j.;;;;n,, 1.;;;;i.;;;;m) be such 
m 
that U Ni:::) X*(B}, where 
Ni = N(xt;fL f~ • ... , f~i; ei) ={y* eB*IIy*{f}) -x:un I <si, 1~j~ni}(1 .;;;;i~m). 
Then there exists a !5 > 0 such that, if Jn(x)- fHy) I< !5 for 1 < j < ni, 
1.;;;;i.;;;;m (x, y eX}, then e(x) and e(y) are in a common Ni. 
Proof: If there is no such !5, then there are two sequences {x:v} and 
{Y:v} of points of X such that /i}(xp)- /HY:v)/ < 1fp for 1 <i .;;;;n~ and 1 .;;;;i.;;;;m, 
and xP and yP are not in a common Ni. Let F* denote the filter on X*(B) 
whose base is {T*(p)lp=1, 2, 3, ... }, where T*(p)={e(xa)/q>p}. Since 
X*(B) is compact by theorem 1 and lemma 3, F* has an adherent point 
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xri E X*(B). Let A. be the index (1 ..;;;A...;;;m) such that xri E NJ., and let 
d= max lxri(ff)-x;(ff)l<eJ.. Since x6 is an adherent point ofF*, there 
l~i~1'1.J 
is an integer p0 > EJ.~d such that IJ#(xp,)-x0(/f)l< ; 0 for l<i<nJ.. Then: 
1/f(xp,) -xi (/f) 1~1/t(xp,) -x6(/f) I+ lxri(#) -x!Uf)l 
1 +d EJ,-d +d EJ.+2d <Po < -3- = -3- <eJ. 
or l,;;;;;j,;;;;;nJ.. Therefore xp, ENJ.. Also: 
1/f(YP,) -xi (/f) I ~1/t(YP,)- ff(xp,)l + llf(xp,) -xi (/f) I 
1 + EJ.+2d 2eJ.+d 
<Po -3- <-3- <e;. 
for I ,;;;;;j ,;;;;;nJ.. Therefore YP, E NJ. also. This contradicts the assumption 
on the choice of xp, and Y:Po' 
LEMMA 5. The function e from X into X*(B) is uniformly continuous 
with respect to U. 
Proof: X*(B) has 4) a fundamental system of entourages formed by 
neighborhoods of the "diagonal" L1 = {(x*, x*)lx* E X*(B)}: i.e. sets of 
m 
the form V*= U (Mix Mi), where Mi=Ni n X*(B) (1,;;;;;i,;;;;;m), and 
i~l 
m U Ni :l X*(B), with Ni as in lemma 4. Let b> 0 be the number guaranteed 
i=l 
by lemma 4. Since each!} is uniformly continuous with respect to U, there is 
a set V} E U such that /fHx)-fj(y)/<b for all (x,y)EV}(l,;;;;;j,;;;;;ni, l,;;;;;i,;;;;;m). 
Let v = n V}. Then for any (x, y) E v, lfHx)- /1(y) I< b for all 
I~i<ni 
l~i<m 
, .;;;,j,;;;;;ni, 1,;;;;;i,;;;;;m. Consequently e(x) and e(y) are in a common Ni-i.e. 
(e(x), e(y)) E V*. Therefore e is uniformly continuous with respect to U. 
LEMMA 6. Let X' be the completion of X according to V. Then every fEB 
has a continuous extension f' over X', and the transformation e : X-+ X*(B) 
has a continuous extension e' over X'. Furthermore for every x' E X', if 
x*=e'(x'), then f'(x')=x*(f). 
THEOREM 2. Let B = B(U) be the set of all f E B0 which are uniformly 
continuous with respect to a precompact uniform structure U on X com-
patible with the topology of X. Then the Banach B-compactification X*(B) 
of X is homeomorphic to the completion of X according to V. 
Proof: Let X' be the completion of X according to U. Since the 
transformation e: X-+ X*(B) has a continuous extension e' over X', 
we need only prove that e' is one-to-one and that e'(X')=X*(B). This 
4) N. BoURBAKI, Topologie Generale, Chap. I, II (2nd edition, Hermann & Cie., 
Paris, 1951). 
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latter statement is obviously true, since e'(X') is a compact-hence 
closed-subset of X*(B) containing e(X), and therefore it contains 
e(X)=X*(B). To prove the former statement, if x' andy' are two distinct 
·points of X.', there is a continuousireal-valued function f' on X' such that 
f'(x')=Ff'(y'). Hence, if x*=e'(x'), y*=e'(y'), and f is the restriction off' 
to X, then by lemma 6, x*(f)=f'(x')=Ff'(y')=y*(f). Therefore x*=Fy*. 
CoROLLARY. Every compactification of a completely regular space X is 
homeomorphic to some Banach F-compactification of X. 
Proof: Since every compactification X' of X is homeomorphic to 
the completion of X according to the uniform structure induced on X 
from that of X'. 
4. The ring compactification. If R is a commutative linear ring with 
an identity element and fl(R) is the family of all the maximal ideals of 
R, then fl(R) becomes a topological space which is compact when one 
takes as a basis of open sets on fl(R) the family {v(f) If E R}, where 
v(f)= {ME fl(R)If ¢ M}. 
Let X be a completely regular space, and let R0 denote the linear ring 
of all bounded real-valued continuo1:1s functions on X. Let R be any 
linear subring of R0 containing the identity function l(x) _ l. For every 
x EX, let 
Then J R(x) is a maximal ideal of R, i.e. a point of fl(R). Define a trans-
formation e : X --+ fl(R) by 
LEMMA 7. e is continuous. 
Proof: For any x EX, if e(x) =J R(x) E v(f) (f E R), then f(x) =F 0. 
Let U = {y E X !f(y) =F 0 }. Then U is a neighborhood of x and e( U) C v(f). 
LEMMA 8. e(X) is dense in fl(R). 
Proof: For any fER, v(f)ne(X)={JR(x)!f(x)=FO}. 
A subset F of R0 is said to be a ring-separating set in R0 if, for every 
x EX and every neighborhood U of x in X, there exists an element f E F 
such that f(x) =F 0 and f(y) = 0 for all y ¢ U. 
THEOREM 3. Let F be a ring-separating set in R0 and R(F) the smallest 
linear subring of R0 which contains F and the identity element of R0• Then 
fl(F)=fl(R(F)) is a compactification of X. 
fl(F) is called the ring F-compactification of X. 
Proof: We need only prove that e is one-to-one and that e-1 is 
continuous. The first assertion follows from the fact that, for any two 
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distinct points x andy of X, there is an element f E F CR(F) such that 
f(x)¥=0 and f(y)=O: i.e. ftf=JR<F;(x) and fEJR<Fl(y). 
As for the second assertion, for any x E X and any neighborhood U of 
x=e-1(JR<Fl(x)), there exists an element f E F C R(F) such that f(x)¥=0 
and f(y)=O for all y ¢ U. Hence v(f) is a neighborhood of JR<Fl(x) and 
e-1(v(f)) C U. 
5. The completeness of the system of ring compactifications. 
Let U be· a precompact uniform structure on a completely regular space 
X compatible with the topology of X. Let R=R(U) denote the subfamily 
of R0 of all those functions in R0 which are uniformly continuous with 
respect to U. Then R is a ring-separating set in R0 and a linear subring 
of R0• In fact we have: 
THEOREM 4. Let R = R(U) be the set of all f E R0 which are uniformly 
continuous with respect to a precompact uniform structure U on X compatible 
with the topology of X. Then the ring R-compactification of X is homeomorphic 
to the completion of X according to U. 
Proof: Let X' denote the completion of X according to U, R~ the 
linear ring of all real-valued continuous functions on X', and J-t 1 = J-t(R~) 
the space of all the maximal ideals of R~. By theorem 1, the correspondence 
f' E R~ -+ the restriction of f' to X 
defines a ring isomorphism from R~ onto R. Hence f-t 1 is homeomorphic 
to p,(R). On the other hand 5), J-t' is homeomorphic to the Cech compacti-
fication of X', which, since X' is pompact, is X' itself. 
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